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PROBLEMS &  SOLUTIONS

Problem 121 . Prove: If a straight line
intersects the graph of xy=k at poiots A
and B and the coordinate axes in points
C and D, then AC=DB.
Solution: Let the equation of the straight
line be bx+ay=ab. Then the coordinates
of C are (0,b) and of D are (a,0). LetZthe
coordinates of A be (x;, y{) , and of B(xs,y5)
To prove that AC=BD, then, by the
distance formulas we must prove:

(i) xf+(y,-bJ2=(x2~n)2+yg ; or
(i)  xj—(x;—a)’=y3—(y;—b)? ; or
factoring,
(iii) (x1+xo—a)(xy—x3+a)=
=(y2+y1—b)(y2—y;+b)

Multiply both members of bx+ay=ab by x:
(iv) bx2+axy=abx ; or, since xy=k,
(v) bx2—abx+ak=0

Now the roots of equation (v) are xy
and xy, the abscissas of A and B.By the
the formula for the sum of the roots:
(vi) Xy+x2=a. Similarly it can be
shown that:
Y1¥ys=is

Substituting (vi) and (vii) into (iii)
verifies that (iii) is true. Then, since the
steps are reversible, AC=BD.
Problem 122— Towns A and B are located
on a straight river, A being 24 miles down
stream from B. The river is navigable for
only hali the distance so that a person
can row only 12 miles and must walk
the other 12. Under these circumstances
a man can travel from B to A in five
hours, and from A to B in seven hours.
If there were no current, the journey would

(vii)

require 5§ hours. Find his rate of walking,

his rate of rowing. and the rate of the current.
Solution: Let M be the midpoint of AB,
and let w=rate of walking, r=rate of
rowing in still water, and c=rate of the
currnet. Each term in the following equa-
tions repressents the time taken to travel

RS 82355 OIT

a designated distance:
(1) Row:B toM Walk:Mto A Total Time

3% 42 + 12 52 5
r+c w
(2) Walk:AtoM Row:M to B
12 4 12 _=
w r==€
(3) Walk Row
12 12 17
12 4+ 12 3
W r

Solve f0r1—2 in each:
W

ARt b e st S v 0
(4) ;=5“r+c =7 i 3 I_.lhm'efcore
5 12_5r+5c-~12___?r——7c—12_El7r—3ﬁ
(5) W . pde r—c 3r

Use the following theorm in proportions:

It then either fraction is equal to

G
b d
%, i.e. equals (numerator+numerator)
over (denominator+denominator).

Apply this to the second and
fractions in (5).

5+5¢c—12 7r—7c—-12=12r—2c—-24

(6) T 2r

17r—36
[a 3r
The last two fractions yield r=3c. Subs—
tituting in (5). gives:

third

, the last fraction in (5).]

9 .
l‘--2-. C='§, W—/.l.

Let g=§=t; then a=bt, c=dt. Now
gig =t-%l{:) =t which equals each of the

original iractions. .
A more general theorem states that if

a; a2 ap
e U th fract-
e e then each of these frac

pi1aj+peaz+....+pya,
pibi+pebo+....+paby’

Pi,s, provided that the denominator does
not become zero.

ions equals for any

Y Aodxivo
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