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PROBLEMS AND SOLUTIONS

Problem 43 : The pages ofabook are Alternating thus, with the additional rule

aumbered consecutively from 1 to n -
Two bookmarks are placed so that the
number of digits used to number the
pages in each of the three sets of pages
is the same. The three smallest values
of n for which this is possible are 3.6
and 9 . what is the next smallest value
of n, and where are the bookmarks
placed?How did you obtain your answer?
Solution:The book is divided into three
sections, each of which contains the same
number of digits - The number of pages
in the first section exceeds 9, and (if it
does not also extend into the hundreds )
they contain an odd number of digits -
Thus, the second section is located par-
tially in the tens and partially in the
hundreds- Let x equal the number of
pages in the first section beyond 9. Let
y equal the number of pages in the second
section beyond 99. Then 9+2x--2(90~
—x)+3y: or x=(1714+3y)/4. The least
integral value of y which will make x
integral is 3 . Hence (x,y)=(45,3)- Thus
there are9+45=>54 pages and9+2(45)=99
digits in the first section,and (90-45)
+3-—48 pages , and , as required , 2(45)
+3(3)=199 digits ie the gecond section-
We are now in the hundreds- The next
33 pages will contain 99 digits, as requ-
ired- Thus the book contains a total of
54+48+33 =135 pages-
Problem 44 : In a new variation of

the game of NIM two players A and B
start with a pile of N matches and alter—
nate in removing them. A, playing first,
removes any number of matches from

one to not more than half the pile .

e, 5033 0L,

that if a single match remains it may be

removed, the one who removes the bast

match is the winner -

(a) Show that with best play on loth

sides, A will win when N =1, 3,4 or

6; B will win when N=2 or 5-

(b) What are the next two larger values

of N for which B will win? Generalize.
(i) When N=1, A removes 1 and wins-
(ii) When N=2, A (must) remove
leaving N=1, and B the first move

Therefore B wins as in (1) -

(iii) When N=3, A (must) remove 1,
leaving N=2. Thus A —now the
second player — wins as in (ii)-

(iv) When N=4, A removes 2 match-
es and wins as in (ii)-

(v) When N=5, A removes | or 2 mat-
ches, leaving N=4, 3. Thus B wins
as in (iv), (1ii1)-

(vi) When N=06, A removes 1 match,
leaving N =5, and wins as in (v)-

b- If Ny, Na, - -+, Nxare the first x win-

ning positions, Nx1=2Nx+1- Likewise

Ni=2Ns-1+1.- Hence Nxy1=22Nx+3 -

Continuing i this way, we obtain

ultimately Nxt1 =2*N{+2*—1. But N

is the first winning value for B, viz. 2.

Therefore., Nxpy=2x+'$2*-1.

Fditor.,s Comments: (1) It is reco-
mmended that every solver complete
the details of this proof. (2)

N =25 +14-2% - 1=2%2+1) - 1=3.2x—1,

a formula found by observation by
many solvers.
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