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PROBLEMS AND SOLUTIONS

ELLIPSE OF LEAST
ECCENTRICITY

N. X.
Mathematics

VINH
Magazine

36 - This note presents a problem
of geometry with application to
astronautics.

In figure, 0
P is

a point on the

the

is the center of

earth and

top of the sen-
ible atmosphere

at a distance R
from (. A

satellite follow-

ing an elliptic
trajectory, re-enters the atmosphere

at the poin _P and its velocity y makes
an angle y with the local horizontal
which is the perpendicular to gP at the
point P- Let F be the second focus of
the elliptic trajectory, the first focus
being the point 0 by kepler’'s first
law. It is known from the geometry of
the conic that . 0PF=2y. Hence, for a
given angle y (re—entry amgle), the
locus of F is the ray PA making an
angle 2y with the direction P). Of the
infinite number of pnssible trajectories
one looks for the elliptic flight peth

with the least numerical ecceutricity-
Since P is a point on the ellipse,
OP+4PF=2a-=major axis
OF —2c =focal distance.

Therefore
e oF
€~ a OP+PF

The problem is to {ind the point

pIle>8,35 U

R

F on the straight line P4 such that

. OF . »
the ratio OoP.: pPE 18 @ minimum-.

(1) Trigonometric solution -
Let x=24POF. By the law of sines

OF  PF R

sin2y sinx sin(2y +4-X)
Therefore
R sin 2’}: . R sin y
OF - :in(,‘Z'y—}-x)_ > Pr= sin (2y -0—7\7)7
and
sin2y
T sinx+ein(2y +x)
sin 2y
sin2VcosX 4+ (1 + cos2y) mnx
:1-,,3, - sin'y

8incos X - #in X cos) an(y - x)

Hence e is a minimum when

T
X &= g =Y

The point F is at F*
(2) Geometric solution_ |t 1 he

the intersection of OF and the bisector
of the angle OPF. Then

IF FF
10~ PO
IF+10 PF+PO QF OP+PF
0 - PO "OQ{r=" op
Therefor
OF Ol

©~ OP+PF ~OP
Since OP is fixed, the ratio is a
minimum when O is a minimum, 1.
e, when OF ig perpendicular to the
bisector of the angle OPF.

Yoy dxio
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