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PROBLEMS &  SOLUTIONS

Problem 137~ In a new variation of the
game of NIM, two players A and B start
with a pile of N matches and alternate
in removing them. A, playing first, rem—
oves any number of matches, from one to
not more than half the pile. B then rem-
oves any number from one to not more
than half the remaining pile. Aliernating
turns (with the additional rule that if a
single match remains it may be removed),
the one who removes the last match is
the winner.

(a) Show that, with best play on both
sides, A wil! win when N=1,3,4,0r 6; B
will win, when N=2 or 5,

(b) Ii Nx is the xth value for which
B will win, express Nx+1 in term of x.
Solution: (a) (i) when N=1, A removes
1 and wins.

(ii) When N=2, A(must) remove 1, lea-
ving N=1, and B the first move. There-
fore B wins as in(i).

(iii) When N=3, A (must) remove 1,
leaving N=2. Thus A-now the srcond
player— wins as in (ii).

(iv) When N=4, Aremoves 2 matchs and
wins as in (ii)

(v) When N=5 A removes 1 or 2 ma-
tches, leaving N=4,3. Thus B wins as in
(iv),(iii)

(vi) When N=0#, A removes 1 maches,
leaving N=5, and wins as in (v)

(o) If Ny, N, ..
nnig positions, it is clear from the pattern
in the special cases in (a), that.

Nx—}—lz-jﬁx"'l' Also Ny= 2N;+1+1.
Hence 2N;+41=22N,_+241.

Ny are the first x wi-

el S.90 Ol

Also Ny_ = 2N, _o+41.
Hence 22N,_;+2+1=23N,_0»+224241.
Continuing in like manner, we obtain
finally:
Nygp1=2xN; +2x—142x-24 . 19241
But Ny =2[case (ii) of part (a)] and

2x=1_L9x=07 " L9142 2?(1 =2x—1,

Therefore N, ;=2x+142x—1=Tx(241)—1

=3+2x—1. Thus for x=0,1,2,3.4,
we obtain N,,,=2,5,11,23,47.
Problem 138— Construct a circle that
passes through two given points and is
tangent to a given line. Is this possible for
any line and any two points?
Solution: Let the given points be A and
B, and the given linet obviously A and B
must lie on the same side of t. There are
two possibilities: (a) AB intersects t at P
(say): (b) AB|t.

Case a: Let PT be the tangent 1o the
PB T
PT PA-
by the construction for a mean propor—
tional, and use this to locate T. This leads
to two solutions, since T ecan

desired circle. Then Find PT

occur on
either side of P. The center of the required
circle is the intersection of the perpendic-
o t at T.

Case b : Draw the perpendicular bisector
of AB and let it intersect t ot 1. This is

obviously the point of tangeney of the
required circle. The vcircle can now be
constructed through the three points A, B,

and 1.
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il |



§ s axmild 9 3Ll s Sl

éolﬂula-b)_.’ah! T ) Shage g5 B Jluroo dxiotPo | gud Jorolol pudipud b j88leiRlogcad Yo

olRai 18 m—ondsliul oy Usx! a5d Ll ) Jlu\Yo LT 40 EG-U'J’O')‘{ pAd el mondiSliBlogcad (49
sl tanlol sabiul (23T 40 @a1® 3 B 5 Jluwo i A | sl Joolol pudy el e Sleis o scad §qf
slailacLolsalanl e Aaexa 258 B pJ: Jlu\fo dxdo | AD EU.':..JJooi)lg Pl pud OliiaSlil L scund E\r

STV G2V

§nl§.:f.aul..ob)al.~1 Olesls Ol j258 B Jlu\oa dxieo |\ AA i,_,:...SJ.MUb pispud wlus Sloip s 5-:\1;
iolﬂulaul‘ubu;h.ﬂ‘mms.:l!maﬁra S g Jlu\oo dxio |\ AA | G....i‘_}:rof)[a P pld duipSlip L scud i\g

8 S e~

3J> oo L oSS s asli ; 38 OlGy olos b dm'yu ,_;)453 i NS epoler NS 25 aeos LS e %
adleinnl a s #3555 1 et (@l a2 Ol g 25 g car e cadb e i slaials

Ol Lol 515 63,95 e 35 oo =¥ olCails 59,390 (Y) oo sOblas] Y LS aloblaslslealay 3 LS _y
a5 1ol s (1) e20 > whilas] g Oloae B3l 2aoalS _p sbTels obls 3lo 56 2 als ¢

; : s e ] :
L,--r.f,,m'.-i' Ol o | B9,8 W Ol sed !u-‘v.u-’ew'é ol 42 E@Jﬁ“"i Ol gl | B8 LS 1 ol el I B ol el

i | ; x Y 1 ‘ ! > =
% oS chd—-d’uulﬂdﬁ;ﬁ Do chpa i Tasndll | S el 1 90 ploed | smap | Spsr 1 ofsbd

Obwl [ wete | Sl r i oLl | sesls | sgals | S 1 oS JUB1 | Galg sus ol b eabT

-y : A : . : { g R s i : ;
j,;,: e el AR |y i, | e | S el
R e T oul i oks Fils 1 Jlsmgd ant | adley b | B | Ok PoJmadt
Ly 1 AN beet” :  OLF oles HNogd } e ol § ol ¢ A B olgial
Saws | sblgs | mss | oltils Gkow | Gl | SRS 1 Sl el 1 Aal o Olghel
Tz i G S SR : algd” | 3 ; 3 -
IFFe L oplad | Wedlaw | olmaY 9 F L e | Geelr D lgjee PR i-\'ﬂTr} obug 1 el
Uomgless | Ofaed | ooty | 09 R e ] IS OWae ey | e | e i SR
g6 | sp | uEBH I lp | Slges | Ok Lele P gote G | S |l 0 Y

(14 ol - roAl olsle u.’J-ilg ..'..‘.:!).g.i) il lad 1 dos Wil e o ivsn Slgibu g2 ple sl «
W18 Jledtl (Y]YorY (fu Jakive = O ,47) w2l & Laf aluad of oB 1) dewsd Ul s>

B33 523 GITERIGIFERIGLAGTAe LR ST eSS

uu-_’ il ) Z:.-’hfgsmo)m §mmmmmmmwm
e b slazl 31 a8 oKL Uoee Glale oslaz Yot 3 )‘)ng‘sujja:w
3151 5 slaeslizn sloalses Laih (ol sad 2iie S G Sy RSt 2Ly dime Py o
e 334 T o gosis slay Sewbsrge dlxe § F1oAAT ol - abTols Obls - ol ¢ §
M@-

ga Li 9\=0A L a\=¥a U pe_pY_Yy_yr_YY I (A NS TR T R ST SR

Vo¥—\oY—\oo b AA-AD U va_yy L v\ Candadd
Jisvae :aY JLOK « Juoyeo:ay JLolS,

3 Ole gubaa daal> olasdT (o3 e ais olg> 330
S S SL g K BN B g K PR e

10555 sbsls 3100 OloKan 31 S Ol slolss oS

§ 2l caes 5l
§ ‘523-;' T Olanly 551 olCig b oS 5
a1 5559 \@ilaw 58 ¢ gidqw 2 R aliodhs L e -

g Wl 5 50T ol o pas of SR sa € i e ol ol

g jJ)-SsulmU)uJ).\J

sl £5>
i 51l wlo 551 1 sSTL caanyl
0595 o et Olaosla oTol sl S as
Aol 59 Ha s olgaolie Ol WUxe Fules
el SR R

Slezs Lo gels ps Sl S omails MmTJlabulm b g
oS o S lae loee ald Ay 4 OLLL 1S
VIS IGIIGIAGIRETTETETISGIISGE




IS

h

& letds ulmal: )

Sod iip bt :ui-_-_-’b‘

ga;
=
|

» Sldoude
(dde SoxaS) oV
&3P ol Jeridb |

Qk‘aig. @‘3@3“

O U PP T i B PO

l 1 Slasn )57 '

Sl ,gb 95 B ‘

oS 4c goxe

5B Slgiud
ol ike 3L : L

dlaw g S luol o Slaaal

Aoman yane loue u._..'u‘li'

L:iefJ_:.gi.'.l'J'lsLLs 1.9-_;

-

L Yol b s

& B soone 1Lid

19 8 SaleT wililasif y

) 9> (Slpamd

p3dulo
Jisva

Juoreo:le

W) p dilelle : We
Jl;_)'fo : lﬂ

Jsl al>
Jloyy

Suae Lo LoMe 1Ll

JI.J_J\Ou

2L
BFIIGIIGIIGRGD

ol s Saloxo
Mol S50 deou @ Wes 5
Jbo 8 seet il b : L

: oS sdals> b

b wiots Jlool bl b sati Jbb eaily sl Oogots 1 a9 0l g7 n 01> Culil Lgilim g2 05 SSOLT s ot e s aan! e

3}1.3&“‘;' UL..lll d“_’a s_._.n Iad,.l \_JL\f

§ s > @ WML&- ol e UfL- SolT faasl Ll Gidsea 51 eslaza) b ol olulas| & SOl oS i %§
Jﬁ




